GIOI HAN HAM SO
1. Dinh nghia:
1.1. Giéi han ham s6: Cho khoang K chira diém x,. Ta noi rang ham s f (x) xac

dinh trén K (c6 thé trir diém x,) c6 gii han 1a L khi x dan tdi x, néu vai day sb (x,)
bat ki, x,, € K\{x,} vax,, = x,, ta c6:f(x,,) = L. Ta ki hiéu:

lim f (x) = Lhay f(x) — L khix — x,.
X—Xq

1.2.Gid¢i han mot bén:

* Cho ham 0y =f (x) xdc dinh trén(x,; b) .S6 L goi 12 gidi han bén phai cta
ham s6 y = f(x) khi x dan t6i x, néu v6i moi day (x,,): xo < x, < b ma x,, = x,
thi ta c6:f (x,) = L. Kihiéu: lim f(x) = L.

x-xd

* Cho ham sd y = f(x) xac dinh trén(a; x,). S6 L goi 1a gii han bén trai cia ham
s6 y = f(x) khi x dan t6i x, néu voi moi diy (x,,):a < x,, < x, mi x,, = x, thi ta
c6:f (x,,) = L. Ki hi¢u: llm_f(x) =L.

Chay: limf(x)=L & llm f(x) lim_f(x) = L.
X=X -X
1.3. Gidi han tai vo cuc

* Tanoi ham sd y = f(x) xac dinh trén (a; +0) c6 gidi han 1a L khi x — +o0 néu

v6i moi diy 86 (x,,): x, > a va x,, = +oo thi f(x,) = L. Ki hiéu: ln;n f(x) =L
X—>+ 00

* Tanodi ham sd y = f(x) xéc dinh trén (—oo; b) ¢6 gidi han 1a L khi x —» —oo néu
véi moi day so (x,): x, < b vax, = —oo thif (x,,) = L. Kihi¢u: lim f(x) = L.
X——00
1.4.Gidi han vo cue

* Tanodi ham s6 ¥y = f(x) c6 gi6i han dan t6i duwong vo cuc khi x dan t6i x, néu

v6i moi diy s (x,): x,, = X, thif (x,,) = +oo. Ki hiéu: lim f (x) = +oo.
X=X

* Tuong tu ta ciing c6 dinh nghia gi6i han dan vé am vo cuc

* Ta cling c6 dinh nghia nhu trén khi ta thay x; b&di —oo hodc+oo.

2. Cac dinh li vé giéi han

Dinh li 1: Go6i han cua t(f)ng, l}iéu, tich, thuong (miu so dan véL # 0) khi x — x,
(hayx = +00; x —> —o00 ) bang tong, hiéu, tich, thuong cua cac gidi han do khi x — x
(hayx —» +o00; x > —0).

Chii y: Dinh li trén ta chi 4p dung cho nhimg ham s6 ¢6 gi6i han 13 hiru han. Ta
khong ap dung cho cac giéi han dan vé vo cuc

Dinh li 2: (Nguyén li kep)

Cho ba ham s6 £ (x), g(x), h(x) xc dinh trén Kchira diém xo (c6 thé cac ham d6
khong xéc dinh tai x5). Néu g(x) < f(x) < h(x) Vx € Kva xlir)rclog(x) =

limh(x) = L thi llm f(x) = L.

X—>Xg
3. Mt s6 g6i han dz_lc biét
* lim x** =400 lim x**1 = 400 (—00)
X—+00 X—+o00

(x-—) (x>—00)



*limf(x) = +o0 (—0) & llm—=0 (k #0).

X—Xq x-xq f(x

BAI TOAN 03: TIM B = lim E")) TRONG PO f(x), g(x) - ©, DANG

x—>too gx
NAY TA CON GOI LA DANG VO PINH g
Phwong phap: Tuong tu nhu cach khir dang v6 dinh ¢ day s6. Ta can tim cach
dua vé cac gio1 han:

* lim x?f =400 lim x?k*1 = o0 (—).
x—+o00 X—>+0o

(x—>—00) (x—>—00)
* lim —n—O (n>0;k#0).

X—>+00 X

(x—>—0)
*limf(x) =400 (—00) © lim——=0 (k #0).
X—Xg X—Xq ()

Cac vidu

Vi du 1. Tim cac gidi han sau:

. (ax+1)32x+1)* . 4x2-3x+4+3x
1.A=1 2.B=lim ————
xif& (3+2x)7 xiy&> VX2 +x+1-x
Loi gidi:
13 1\
442) (242
1.Taco: A= lim ("3)#= 8
xote (S42)
\/ —5+);iz+3 1
2.Tacé: B = lim
xX—>—o \[1+ +——1
Vi du 2. Tim cac gidi han sau:
V2xZ41—y/x2+1 V3x2-2+x+1

1.4 = xlli'io 2x+2 2.B = xlizrgo Jx2+1-1

Loi gidi:

1 1
o o i ey e
. x x 2-1
1.Taco:A = lim = lim 5 =
X—+00 xQ+—) xX—+00 2+ 2

|x| 3——+|x| LS
, . x2 x ' x2
2. Taco: B = lim =

X—>—00 1 1 X——00 _
|x|< [+ |x|> < J1+x2 m)

CAC BAI TOAN LUYEN TAP

2x—V3x2+2
Bai 1l Tim giéi han C = xl—l>+oo el
At B.— c== D.0
_ Viex®+x6
Bai 2 Tim gi6i han D = xl—l> L it
At B.—o cs D. 1




Bai3 TimgidihanE = lim (Wx?2—x+1—x) :

X—+00
A.+oo B.—o0
Bai4 Tim giGihan F = lim x(V4x?>+1—x) :
X—>—00
A+ B.—oo Cs D.0

Bai5 TimgidihanM = lim (Wx2+3x+1—vVx2—x+1) :

x—+t

Ato0 B.—o0 Cs D. Dap an khac
BAI TU LUAN
Bai 6 Tim gi¢ihan N = lim (V/8x3 + 2x — 2x)

X—+00

Bai 7 Tim gi6ihan H = lim (V16x* + 3x + 1 — V4x? + 2)

BAI TOAN 04: DANG \%+SINH: 0 — 0 VA 0. 00
Phwong phap:
Nhig dang v dinh nay ta tim cach bién d6i dwa vé dang g
Cac vi du
Vi du 1. Tim cac gidi han sau:A = xl_i)r_noo(ifx3 — 3x2 +/x2 — 2x)
Loi gidi.
Ta co: Vx3 —3x2 +Vx2 — 2x = (Vx3 = 3x2 —x) + (Va2 — 2x + x)
—3x?2 -2x
- 3[(3—3x2)2+x Vx3—3xZ +x2 + x2-2x-x
> A= lim = + lim ———=0.

— 3 3 -
X—>—00 J(1—3)2+J1—3+1 x> oo—\/1—3—1
X X X

Vidu 2. Tim gidi han sau: B = lim x(Vx? + 2x — 2vVx? + x + x)

X—+00
Loi gidi:
2x%242x42xVx24+2x—4x%—4x
TacoH: Vx2 +2x —2Vx2 +x+x =
Vx242x4+2Vx2+x+x
— 2y Vx242x—-x-1
Vx242x+2Vx2+x+x
_ -2X
(Vx24+2x+2Vx2+x+x)(Vx2+2x+x+1)’
. —2x?
= B = lim
x—o+00 (Vx2+2x4+2Vx2 +x+x) (Va2 +2x+x+1)
. -2 1
B = lim — — — = _Z
x>t (\/1+3+2\/1+1+1)(\/1+5+1+1)
pa b b X

CAC BAI TOAN LUYEN TAP

Bail. Timgi¢ihan A = lim (Vx2 —x+1—x) :

X—+o00

A.400 B.— C.—% D.0




Bai2 Timgidihan B = lim (2x +V4x? —x +1) :

X——00

A.400 B.— C.i D.0

Bai3 Tim gi6i han C = lim [V(x+a)(x +ap)...(x +a,) —x] :
X—>+ 00

a,+ay+..+ay a;+az+..+a,

A.+oo B.—o0 C.
Bai4 Timgidihan A = lim (Wx? —x+1—x) :

X—+o00

D.

2n

Ao B.—o C.—3 D.0
Bai 5 Tim gidi han B = lim x(vV4x?+ 1 —x) :

X——00

Ato0 B.—o0 C.i D.0
BAI TU LUAN
Bai 6 TimgidihanC = lim (Wx2 —x+1—-+vx2+x+1)

xX—+oo

Bai 7 Tim giéihan D = lim (V8x3 + 2x — 2x)

X—+00

BAI TOAN 05: DANG VO PINH CAC HAM LUQNG GIAC
Phwong phap:

Ta st dung cac cong thuc lugng giac bién doi vé cac dang sau:
. Ssinx . X
elim = lim—
x—0 X x—0 Sinx

tanx

, x
= lim = 1.
x x—0 tanx
tanu(x)

=1, tir day suy ralin(")z
X

sinu(x)

e Néu limu(x) = 0= lim = 1valim
X—=Xg x-x, ux) x-xg ulx)

Cac vi du

Vidu 1. Tim céc gi6i han sau:
1.4 = lim \/cosx—?’\/cosx 2.B = lim \/1+2x—3\/1+3x

x>0 sin2x x>0 1—/cos2x

Loi gidi:
, . +cosx—1 «x? . 1-3cosx  x2
1.Taco: A =lim ——+1lim .=
x—0 x2 sin2x = x50 x2 sin? x
N . Vcosx—1 .
Ma: lim = lim . =
x—0  x2 x—0 x2 Veosx+1 4
 1—13/cosx - 1—cosx 1
lim—————=1lim -3 - =
=0 X =0 X Veos2x + Vcosx + 1
, 1 1 1
Dod6:A=—-+-=——.
4 6 12
\/1+2x—3\/1+3x

.. s x2
2. Taco: B = il_r)r&—l_m
2

X

Vit2x-Y1+3x _
x?2 o

cosx—1 1

1
6

Ma: lim
x—0

+ lim

x—0

lim
x—0

VitZx—(1+%) (x+1)-3/1+3x
x2 x2

— x+3
= lim + lim
=014+ 2x+x+1 0 (x+1)2 + (x + 1Y+ 3x + 3/ (1 + 3x)2




) —Vcos2x ~1—cos2x 1
lim—————=1im =1

x—0 x? x=0 x? "1++cos2x

av B =1
VayB—z.

Vi du 2. Tim cac giéi han sau:

1.A = limx3 sm— 2.B = lim (2sinx +
x-0 X—+00

cos3x)(Vx+1 —\/_)

Loi gidi:
1. Taco: 0 < |x3 sini| < x3
Ma limx3 —0=>llm| =0
x—0 x—0 x—0
Vay A = 0.
D s 2 sin x+cos3 x
2. Tacod: B = xl_LLnoo NS T
.. 2 sin x+cos? x 3 .
Ma: 0 < NI _M+ﬁ—>0kh1x—>+00.
Do d6: B = 0.
CAC BAI TOAN LUYEN TAP
Bai 1 Tim gioi han A = lim - COZS
x—0 X
A+ B.— C.g D.0
Bai 2 Tim giéi han A = lim Ltsinmy-cosm
x—0 l+sinnx—c
A+ B.— C.% D.0
Bai 3 Tim gioi han B = lim 1252 'COZ =
x—0 X
A.+o0 B.— C.3 D.0

Bai4 Tim gioi han A = lim——& 1-cos

x—0 2 SlTL?

A.+o0 B.— C.1 D.0

CcoS 2x—cos 3

Bai 5 Tim gioi han B = lim

x—0 x(sin3x—sin4x)
A.+o0 B.—o0 C.
BAI TU LUAN

N|wn
&
=)

tan 2X
Bai 6 Tim gidi han C = lim :
g x—0 1— \/COS 2X

x2

Bai 7 Tim giéi han D = lim
g x—0 V1+xsin3x—cos 2




